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4.4 Book version

This analysis looks at deriving the equation for the electric from a charge moving with a velocity in

arbitrary direction. We are ultimately looking to derive:
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1 Background

The problem is shown in Figure 1.
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Figure 1: The electric field at the time, ¢, depends on the particle at the time, t', where t = t’ +g
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We see that the particle is moving with velocity, #. The charge doesn’t necessarily have to be moving in a
straight line but we will assume that the velocity is constant. We are interested in the electric field at the
point, P, at time, t. This means we need to know where the particle is at the retarded time, t'. This is

because the point P is influenced by the charge at time ¢’ because t = t’ + %

We follow Feynman’s derivation of the scalar and vector potential, and start with:



41e,c? [r — @]
ret

where ¢ is the charge of the moving particle, ¢, is the permittivity of free space, ' is the distance from the

particle to point P at the retarded time t’, v, is the velocity of the particle (which we will make assumptions

about), and ¢ is the speed of sound. The terms in the bracket are evaluated at the retarded time, t'.
We also know that the electric field is:
A

E=—V¢—E

Looking at the electric field equation, we see that the space derivative and time derivative are at point P at
time t but this will also depend on ' and therefore, will also depend on t’

We'll first find the space and time derivative of r’, and then combine this with the electric field equation
above.

2 Space derivative of r

We'll find the space derivative of 7' here. We'll first consider the derivative with respect to x. We start with
Figure 2 below.

We know that:

We also know that:

r, =1y =dx+ 5(t] — t})

We know that t; > t; since r', must be longer than r'; (imagine drawing a circle of radius r'; from the point
that particle is at t;)

From the first equation, we have:

1
ti—t; = E(T’2 -7'y)



Plugging this into the second equation gives:

!

_ — 1
r,—1r = dx+E(r2’ —1)
We can generalize from dx to ds with no loss (all previous assumptions hold), so we get:

v, =1 =ds+— (r2 -1

We then look at small changes and say 7, = 7; + dr (we'll stop using the primes knowing that we are
talking about the retarded time. So now we have:

— v — v —
=7 =dr s+z(r2’—r1’)=ds+z< (771+dr)2— /(1”_1)2)
We can focus on the second term (term in parentheses) on the RHS of the last equality:
JE+T) @7 = \/(r‘l)z v dr+ (dr) =2 = |G+ 2 dr = ()

In the last equality, we assume (5)2 is small. We use the binomial approximation to further simplify:

— / 27 ~dr 127 - dr - dr
()42 dr—/(7)?=n |1+ 1r —r1§r1(1+§ lr )—r1= 1r
1 1 1

We then (and dropping the subscript):
— v fr-dr
dr =ds+— ( )

r

To understand this, it's easier to look at the components:

. dr, + 1,dr, + 1,dr,
(dry, dry, dr,) = (dx, dy,dz) +— (’“ £V )

r

So then we have:

N vy (rxdrx +rdn, + rzdrz>
T

4 vy e dry, + 1y, dr, + 1,dr,
c r
UZ
dr, =dz +—
c

Tedr, + 1ydry, + rzdrz>
T

We will look at finding < first:

dr, dr, dr,
dr, _ v Tege Ty d;+rzd;>
1+—=
dx c r

Now we need to find y -~ and drz . To find — ary ~and —Z drz , we start with:

. dn dr, dr,
iy _dy o[ g d>

dx dx



dr, dn, dr,
dT‘Z dz v, 7'xd;;c‘l' yd;/‘}' Zd;

dx  dx r

and — are zero so these will drop out. Grouping like terms ad solving for — and glves:

dry dr,
dj(l _ vyry) Uy [ B gy T
dx cr c r

dr, dn,
%( _”272)22 rxd;cc-l_yd;
dx cr c r

Multiplying the last equation by ( p- ) and substituting gives:

(-5 5 - %)

ﬁ(l_vzrz)(l_?_?):% B dx cr rrﬁ cr

[ LA rx%ﬁ‘ﬂ%\
|

xdx cr Y
_
C k T )
We can simplify this to get:
dr, dr,
R 0 (1 )y B gy Ty
* dx cr Y r

LO-) (-2

dx cr cr c k r }

dr, VyTy Uy Uyl UL, v, dn, U dn
—(1-—-== ) =\t
dx cr cr c?r dx cr dx

% (1 uyn vzrz) Vz dr,
dx cr cr X dx

So then we obtain:

vy,
dr, _ C_rrx dry
dx 4 _ Uyly — UTy dx
cr cr

We do the same thing, but for %, we multiply by ( ”zrz) and follow the same procedure:

By (DB (M) n (L) e (L)
cr cr c r

We can substitute in for (1 — %) %. We obtain:



dr, dTy
/ AT gy Y \
Tx (1 T er ) dx T T
dr, vy Ty U, Ty vy
(1 1 - Y
dx ( cr )( cr ) c r
Expanding this out we get and simplifying:
ﬂ (1 Wy U, vyryvzrz) _V % ryvzrzdi
dx cr cr c?rz * dx cr dx
Yy
dy _ ol dn
dx 4 _ Vyly  v,1, dx
cr cr
So we know have:
dT dry dTZ
LN R U R
dx c r
Yy
oy _ g  dn
dx 4 _ Vyly  v,1, dx
cr cr
UZ
ok dn
dx 4 _ Uyly U1y dx
cr cr
Substituting in gives:
v, 1 v,
dry 14 Uy dr, zry % dry %Tx dry
X R it ) Ix Zx
dx cr\ *dx Vyly Ty dx 1— Uyly VT dx
cr cr cr
Multiplying by (1 ”er) gives:
dr, v, T, Uyl vy, U, v,y U, dr, v,1, dr, v, drn
_x(1_ﬂ_ﬂ) - (1_ﬂ_ﬂ) 4 (1_ﬂ_ z Z) XYY Tx Tra, T
dx cr cr cr cr cr dx cr “dx r T dx
%( il Dy VY (g DTy el
dx cr cr cr cr cr
%(1_17 f) . VyTy Uty
dx cr cr cr
Finally, we get:
d 1— v}’ry _ U1y 1— UxTx _ ‘Uy‘f'y _ Uy + UxTx UxTx
ar _ cr __cr _ cr _cr T cr _q4_cr
dx v T vT v T
1-=F - 1-=-
cr cr cr
We want to flnd and then hopefully, we can generalize from and Y \We have both and dr"

already:



Yy

dr, or x ary
dx 1— Vyly  v.1, dx
cr cr
d erx
e _qp4p_cr
dx v-r
1-2—
cr
. . . dry . .
Substituting in for —. gives:
v Uyt
y x'x
dry or'x 14_cr
de  _Wlhy _vn _vr
cr cr cr
vy vyvxrxz
_ cr ' + c?r?
1_Uyr3’_vzrz (1_ver’_Vzrz) (1_17'7')
cr cr cr cr cr

We can multiply the first term on the RHS by (1 - g) / (1 — g) and see if we can simplify.

_ 2
( _v.r)‘lj_yr vyvxrx
dr, _ cr Jer'* n c?r2
dx (1_@_%)(1_ﬂ) (1_ﬁ_%)(1_ﬂ)
cr cr cr cr cr cr
We'll just look the numerator for now:
- 2 2 2 2
< v r)ﬂr VyUply &r WY T UV Uy
cr Jer ¥ c?r? cr * c?r? c2c? c?r2 c?r?
_ Wik (1 Uy Uyl N vxrx) _ Uyl (1 uy vzrz)
cr cr cr cr cr cr cr cr
We then have:
4 VyTy ( vy Uzrz) vy
Ty _ cr cr cr __ cr
dx (1_w_%)(1_u) 1-v'r
cr cr cr cr
So then have:
vxrx
dry cr
— =1+ ——
dx vr
1 -
cr
U1,
yx
ary _  “or
v-T
dx 1
cr
We can generalize this to be:
i
aTi cr
o, it 5F
Xj 1--—_
cr

3 Time derivative of r
We'll find the time derivative of 7' here. We start with the following equations:

1
=t +—
1 1 c



"
t,=t; +—=
2 2 c

'y =17 = =0ty — t])

We use Figure 3 for our understanding of the time derivative. We know that t; > t; since we are looking at
the time derivative, and at ¢t + dt, the particle will have travelled further. We want to replace t' in the last
equation, and use the first two equations to find a relationship between t' and t:

1
-t =0 —t)-_(-m)
Plugging this in gives:

!

N oy — 1 ’ 1
r, T = _v[(tZ_tl)_E(Tz_rl)

Figure 3: Schematic for finding time derivative of 7

We now have the equation we want to find the time derivative:

ey = 1 ’ ’
vy =1y =—7 [(tz —t1) —E(Tz —17)

When we look at small changes, we have:

ry,—=r i =1 +dr' =7 =dr

tZ_tl =t1+dt_t1 =dt
Using our approximation and simplification for r; — r{
vy edr’

’ r__
r,—n= 7
T

We then have (dropping subscripts and primes):
_ ~ 7odr
dr = —v (dt - )
cr

3 e dr, + 1,dn, + 7,dr;,
cr

Looking at the components, we have:

dry,dn, dr,) = —(v,, v, v, )| dt
y y



Looking at the each component, we have:

r.dr, + r,dr, + r,dr,
drx=—vx<dt T Yy Z)
rdr, + r,dr, + r,dr,
dry=—vy<dt— X Yy 2 Z)
r.dr, + r,dr, + r,dr,
drz=—vz<dt— T yy Z)
Looking the derivative with respect to time gives:
dr, dr, dr,
dr, Ty d" +7 dly +ertZ>
— =—v, 1—-
dt cr
dr, dn, dr,
dr, N Tl T3
——=-1(1-
dt cr
dr, dr, dr,
dr, g Y g Thar
— =y, 1-
dt cr

drz

We follow a similar procedure and start simplifying —y and =2

dr, dr,
dj(l_vyry)z_v 1— g g
dt cr Y cr

dr, dr,
A A P I
dt cr/ cr

We can multiply the top equation by (1 + %) and substitute:

are (Ul dr, (. v1
ﬂ(l_vyry)(l_vzrz)=_v 140 dr (1 cr)+zdt(1 cr)
dt cr cr Y cr cr
/ dry
dr, v, Tx Ty \
nge (1= 78F) — v 1- e
=-v,| 1+ ez _
Y cr cr
L dn ryvzrzdi
=—v, 14 Velz _Xdt  "227 cr dt




dry,

@(1 Wy vl Uy vyryvzrz) N Lt
dt cr cr c2r? c2r? Y cr
- d
We follow a similar procedure for f
dr, dr,
dj( _vyry)z_v 1— gt Yt
dt cr Y cr
dr dry
%( _vzrz)z_v 1— rxd +ydt
dt cr z cr

We can multiply the bottom equation by (1 — %) and substitute:

dr, (1 _vzrz) (1_@) T Wy rxccli? (1 —%)+ryi—?(l—%)

dt cr cr cr cr
dry dr,
rdi(l "yry) vl 1= Tt e
* dt cr vy cr
U1
=-v,|1-22-
cr cr
p A, B dr
- 1_vyry_xdt vy cr _dt
z cr cr
dr,
%( Uy Uy Byt vyryvzrz) - l1- Tx d_g
dt cr cr c2r? c2r? z cr
We then have:
dr, dr, dr,
o (_Fath@ T ar
dt * cr

dt cr cr cr
dr,

dr, Uy Vgl xdt

e )=

dt cr cr cr

Substituting in gives:



P (1 -l _ Vet

—U;Tz

dr\ T
1_&@

cr

dt cr cr
de (1 _ Uyly _ Vzrz) —vr 1= Tx dt
* dt cr cr Yy cr

vy VT
=—v|(l-————

cr cr cr

are _ .. _
- v (1 _Wly _ UZTZ) gy~ Uyly T Valz
* cr cr cr

VT, Uy T dh, Uy, T,
=—n(l-——"F—-——— 4+ — 4+ —

cr cr  crdt cr cr
We then get:
dr, Vel Uy, Uply
E( cr cr cr ) =
dr, Uy
dt 1 v-r
cr
We can generalize to:
dr; v;
dt U7
cr
4 Electric field derivation
We know have:
q
aneo [r= (525)] .
_ v
AP, t) = 1 P
4me,c? [r c ]
ret
F=-vp-24
=V
And just derived:
vl'T)'
oni _ 4 cr
an J _ v
cr
dr; v;
dat -, v-r
cr

4.1 Scalar potential

We'll first look at V¢p. We drop primes and know when we are at looking at r, we are talking about r at the

retarded time.

We now have:

10



= q U1 - q
vep. o) V4T[Eo [7” - (g)]ret o ' [r h (g)]ﬂff

| Vr ——V v-r ]I
41‘[60 [ @
ret
ar VxTx VyTx r Yzrx
We have that r = /r? + 1,7 + 77 so that, for example, —— = =>( 1 + 5 SF |t 2 —55 + 255 We have then:
cr 1- cr _CT
. UxTx . VyTx L S Uxly , Yyly
/O L1 (RGN I JS . S N e A 1 [ P —
r vr ' v'r r v'r r v'r r vr
1—— -— 1——r " 1—— 1——
cr cr cr cr cr o
Yzly UxTz YyTz VzT2 _ _ v'r
Z_or & I er Tz 4 _cr _r.Tr_er
ry_vr'r VT r, VT 7 VT rorq_vr
cr cr cr cr cr

We have, from vector calculus, that:
V@ 7)) =0x (VXT)+7Fx (VXD)+ @ VF+ (T VD

This simplifies to (since we assumed v is constant):

V@ 7)) =o X (VXT)+ (#-V)F

or, 0rn, or, 0r\ (0n, O0rn
dy 0dz)’ (ax 62)' ox 0dy

ar, ar, or; o, or, or, or, or, or,
+[(vx ad = —x)( —tv, L+, a;) (”"aZ”ya;”Za_zZ)]

=v X

+v + v 1%
ax Yoy  Zoz *ox Yoy
U1y Vyly U, Ty Uy Ty Uy Ty UxTy
=7 X cr __ ___ cr _ cr ____ cr cr __ cr
v-r v-r |’ v-r v-r )’ ver vr
11— 1—— 1—— - 1—— 1———
cr cr cr cr cr cr
UxTx UxTy UxTy VyTx VyTy
Hlo|l1+—EL—=|+v,— <L —+v,— L | [n,—L—=+v, |1 +—L—
1-vr _rvr _rvr _vr _vr
cr cr cr cr cr
UyTz U, Ty v, T, v,T,
cr cr cr cr
v v, — + v —4 v, | 1 ———
+ U v-r |’ 7 v t Uy v-r to |1+ v-r
1—— 1——— - 1——
cr cr cr cr
Vylx Uxly Vgl UxTz UyTx YxTy
cr cr cr cr cr cr
=|v — — — |+ v — — — |, — —— — ——
y v-r v-T z v v-r |’ X v-T v-r
1—— -— 1-——— 1—— 1-—— -
cr cr cr cr cr cr
UZTy UyT'Z V, Ty Uy Ty UZTy vyrz
+ v, | —<C o |y _a ), a
AL _v-T AL T 10T _v-T
cr cr cr cr cr cr
UxTx UxTy UxTy VyTx VyTy
| 1+—E= |+, — L —+v,— T — | [ n—L—=+v, [ 1+—L
AL AL _U-T _v-T AL
cr cr cr cr cr
Uz Vglx Yz ry Uzl
1—— 1—— 1 — 1——
cr cr cr cr

11



vy Uy Ty

VyUyTx VzUpTy U Ul VxUxTy VzVzTy VyUyly Uy Uyly
O T T R e T S Ty A S T S R T R
-2 v -2 v, v 12 vroy vr
cr cr cr_ cr cr cr cr cr
V,U,T, TARY
& | =F—L —+5=V(-7)
U7

1

It would probably have been easier to take the dot product of (7 - ¥) and then take the gradient of that.

We then have:
q q 1 q [ 1 1
V(P t) =V _ = — = — — [Vr —=V(v- r)]
_(v-r Ame _(v-r Ame v - 7\1? c
4me, [T‘ ( ¢ )]ret ’ [r ( ¢ )]ret o[ [T - (T ret
DT AR
___ 4 r.rvr o - cr _
¢ 4n60[ (ﬁ r_)]z Pty v c rl_ﬂ+v
c . cr cr
) F@-7) T D)
___4 "' r o ¢ o VY
Ve = 4me, 7 7\1? . v-T
- (5] 1=
4 ret
4.2 Vector potential
Next, we look at Z—f:
6J(P 0 = ] qv _ qv 0 1
at > ot Ame, c? [r _(u- f)] " 4me,c? ot [r _(u- f)]
¢ ret ¢ ret

1 or ad (v-7)

qu
4me,c? [ (7 f)]z ot ot ¢
T' _—— £
¢ ret

We have r = \/r? + r? + 17 and then:
1,U, 1 v-r
N Ty, v-T

or 1 Ty Uy v,
at r T T A T
cr cr cr cr
Forai(w), we have
o(w-r) v of v Uy vy vy,
o ¢ cot ¢\ j_vr v v
cr cr cr
Y 12 vy Uy, v,V, 1 v
B U A A AP 20 PR 2T
cr cr cr cr
We then obtain:
0A a 7 v 0 1
PO =5 : (@ 7) =4-7rq€ 2ot]. (@D
41e, Cc? [r——] 0 [r——]
¢ ret ¢ ret



qv 1 or ad (v-7)

- 41e,C? [r (7 ,:)]2 at ot ¢
¢ ret

0A  qv 1 1 o7 1 09
at  4me,c? (@ 7)1 rl_ﬁ'f 61_17 r
[T'—T] cr cr
ret
4.3 Final electric field equation
We obtain:
F=vp-2A
=-ve ot
T TWv) _ o
Fo_d 1 Tyr e ¢ cor _V|__9 1 1 vr 1
47‘[60[ _(17-7’)]2 r VT c| 4me,c? @D |rq1_vT
r 4 ret cr [T— ¢ ]ret cr
_ Tt rtWw-v) T L
F=_4 1 f_l_F o ¢ o v 1 o@7) 19@ D)
" 4me, v-A\12 |7 10T c cry_Vvr o3, _U°T
[r_( c )] ret cr cr cr
r v r v
. a .y en -2 @ (-0
et -

I A e I )

We will look at obtaining this same expression from the book equation.
4.4 Book version

We have originally:

o1 e_r+rd<e7)+1d2_
4me, [r2 * cdt\r2) c2dt? ér

So we can take the derivative in the brackets. We can start with % (j:;)

dg\_d(y_1d _ 7d
Eﬁﬂ—aﬁﬂ—ﬁa“) g™

We then have:

E(F)— I Y Y _ v

dt P v-T 0T
cr cr cr cr

Lm=1- Uy Ty vy, U, 1y, _1 vT

dt 1V T _v-T T rl_ﬁ-f
cr cr cr cr

Then:

o1 e_r+rd(e7)+1d2_
" 4me, |r?  cdt\r2) ' c2dt? ®r



q le 1 veT 1 d?
dme, |12 e\ 13y _PoT TS, VT c2de?
cr cr
2
Next, we look at d—e_r
dt2
dz__d2<r‘)_dd(f>_d 1 v 7 97 \_d)1 1 _+F(__)
aez’r T aer\r) T drac\r) T dt rq_vt o3, U7 T dt rq_v-r VTR
cr cr cr

n 1/ _ 7 _ N\d[ 1 1 1 d(Ff _ _
1 <_v+ @ ”) () F(_v+r_2(v'r)>E AL RS ﬁ-f&(r_z(v'r)>
- T or T or

We will look at all derivatives individually, so we start with:
d (1) _1d 11 v-7

Uv-r
C

dt \r rzdt _rzrl_U'T
cr
df 1 \_ 1 dg wR_ 1 AT
dt vor T 17-7’2%( B cr)_ ﬁ-fza(cr)
1—— _r 7 _zr
cr (1 cr) (1 cr)
d(ﬁ-f) 1d (v-7) vrd()
dt\cr /] rdt cr? dt
_ 1 v-v vrl v-T
__El T cr2r vT
cr cr
d 1 _ 1 1 v-v +v rl v-r
dt\,_o-7]" v\ erq_ VT crtry ©v°T
cr ( - cr) cr cr
LR RY 25N @)
v-r 2 dt r v-r r 2dt v-r
vF D 1 9.7 7 (0-9)
B T L e T
1-21 rp . rory 2L
cr cr cr
We then have:

d? +‘( )d 1>+1 _+F( ) 1 1 1 d F(_ )
ez " vor\ Tz dt(r P\ U T g 1_VvT) ry_b:Tdt 2T
cr cr cr

1 FooooN[11 B-F
P GO Er T
cr cr

_ T _ 1 1 U0 vrl ©-T

+-|-v+5@-7) —— | —— — — ——

U7 cr v'r crir, VT

(1 ) 1 1-=—

or cr

1 1 ver v Zr 1 v-7 7 (0-D)

A W 2 = AR 2 A T

cr cr cr cr

14



1 97 +1 F(v-7)2 N 1 v(@-D) 1 w(p-7)? 1 7@-N(@-v)

73 572 rS. 5emE crl . B oty 5-m\°  crt 773
1-2r 1-2r 1-2T 1-2r 1-2r
( ) 1 (f(ﬁ-fgg)_l 15(17-17)”) 1 rg(ﬁ-f)czr )_l f(gi-ﬁ)cr)

21 v(v-7) +31 F(o-7)? 1 v(vD) 1 o(v-7)? 1 7@-M(@-D)

r3 (1 _ E)Z 75 (1 _ E)Z cr? (1 _ E)3 crt (1 ~ Ef p— (1 _ﬁ—_F)g

cr cr cr cr cr
1 7(5-7)3 1 (D)
Cr6 T-7 3 7"3 U7 2
(1 T er ) (1 T er )

We then have:

_ e, d (e, 1 d?
F= Q[ﬁ+1_@g+ _]

4me, (2 cdt \r? a2’
_ 71 7 1 (-7 1 (o7 1 7(7-7)? 1 (v
po 4 |T_ L v 170D, @D, @, @9
47_[60 r cr 1_1,.7- CT41_U'T (,‘21'3( _v-r) Czrs( _U'T) c3r2(1_v-r)
cr r cr cr cr
1 v(v-1)? 1 7(v-7) (VD) 1 7(w-r)?i 1 7(v-D)

C3-r-4- ( 7 f)3 C3r4- ( 7 ,r—)3 C3-r-6 ( 7 7,—.)3 C2T3 (1 7 f)Z
cr cr cr
vr
(1-&)

cr
We can multiply the third, fourth, and last term in brackets on the RHS by 0 ﬁ):

cr

_ q |7 1 v 1 7(v-7) 1 7(v-7)? 1 5(5-7)
E=4neo ﬁ‘?l vor T T ert 772 c?rs 17'7'_2_2C2T3 772
cr (1_ cr) ( _cr) (1_ CT)
) 1 9(v-7)? 1 7(v-7)? 1 v(v-D) 1 v(w-7)?
c3rt -3 275 G-in2 312 5.3 c3rt b-7\3
(1_ cr) (1_ cr) (1_cr) (1_cr)
1 7(7-7) (- D) 1 77?3 1 7(7-D) 1 7F(T-9)(F-7)
P 77\ +c3r6 -7\ %3 ﬁ-F3+c3r4 773
(1_ cr) (1_ cr) (1_ cr) (1_ cr)
This simplifies to:
PO F 1 v 1 7(o-7) 1 o 7) 1 o(5-7)? 1 o)
Tame, |r3 o2 VT Tert o 52 s 773 3t 77\ 312 773
cr (1_cr) (_cr) (_cr) (_cr)
1 7(v-7)3 1 7(o-D)

c3r6 77\ 23 773
(=) (1-&)
We see that we have terms with ¥,7, v 7,and ¥+ . So we can try to group these by multiplying again by
BT _77\2
Ei_—f%. We multiply the second term in brackets on the RHS by (1%)2 We obtain:
T 1o
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1 v (1ﬁc'rr_)(1ﬁc':)=<_ 1 7 L1 (- 7) >1_v-r
v v ‘)3 ( )

=_i v 1 o(@-n) 1 v(0 - 7)?
54 ILL v 1 o(@-7) 1 7(7 - 7)? 3L (o 7)
" 4me, [r3 cr? _E3 c?r3 1_u3 c3rt 1_17_-F3 crt 1_E2
bre) sa) v 5 Fin i
(,'27”3 1_C—)3 (,'37"4 v T‘)3 c TZ (1_?)3 C3r6(1_g)3
r(v v)
f
This simplifies to:
5o d o1 Y 1 7@ 1 o) N 1 7(w-r)d
B 1 (v - v)
Multiply the first term in brackets by Elﬁi and we obtain:
1T
L—(l—%)(l—ﬁc—'j)z 1 7 1 7(v-7) (1_2)
"G-EY) O N A
1 T 1 (7 7) 1 7(v-7)?
Ta-2) - -2
o4 1 T —zi F(D-T) 1 7(v-7)? 1 v 1 7@
B O R e T G I (e
1 v(v-v) 1 (w73 1 7(v-v)
3712 (1 %)3 376 (1 ~ %)3 T c2r3 (1 —%)3

This simplifies to:

- 7\?



5.4 1 7 N 1 7(v-7)? 1 v 1 7(5-7) 1 90D
T 4me, |13, T\ %S 772 cr? G-\ crt . B-i\%  cOr? 773
(l_cr) (1_ cr) (1_ cr) (1_ cr) (1_ cr)
1 7(w-r)s 1 7(@D)
c3r6 77\ c2r3 -7\
(1_ cr) (1_ cr)
Multiplying the second term in brackets by % gives:
_ g |1 r 1 7(v-7)? 1 (s 1 v 1 7(v-7)
E:4-7reo r3 L 5 e e L 7-7\° 316 L 7-7\° cr? L 5 ot LT
(_cr) (_cr) (_cr) (_cr) ( cr)
1 9(vD) 1 7(w-7)3 1 7(v-D)
372 573 c3r6 5-M3  c2r3 PIPNE
(1_ cr) (1_ cr) (1_cr)
Which simplifies to:
5.4 1 7 1 7(v-7)? 1 v 1 7@ 1 90D
" 4re, r3( v-m\Z  c?rd v\ cr? v crt 772 c3r? v-7\°
=5 - -5 TR )
cr cr cr cr cr
1 7(v-D)
T c2p3 -3
(1_ cr)
Multiplying the fourth term by 1_,_5_; gives:
_ qg |1 7 1 7(v-7)? 1 v 1 7(o-7) 1 7o 7)?
E = — o J— —
4me, |13 5-7\2  c2rs 7.7\ cr? 7.7\ crt v\ c?rd 773
(1_6‘1') (1_ cr) (1_ cr) (1_ cr) (1_ cr)
1 v(v-v) 1 (v D)
c3r2 77\ c2rd -7\
(1_ cr) (1_ cr)
Which simplifies to:
_ qg |1 7 1 v 1 #(©-7) 1 9(v-D) 1 7(v-D)
e, [P o a2 ol ot pod o 77 cerd 7.7\
(1_ cr) (1_ cr) (1_ cr) (1_ cr) (1_ cr)
In the brackets, we will add and subtract #(ﬁ(z:}
1__
_ q |1 7 1 v 1 97 1 o7 1 7(v-7)
E= — -— - +—
Ame, |13 v-7\2 cr? 77\ c?rd 7.7\ c?rd 77\ crt 773
(l_cr) (_CT) (_cr) (_cr) (1_cr)
1 v D) 1 7(#-D)

C3T-2 (1 - f)3 C2T3 (1 - f)?)
cr cr
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We can combine the second and third term in brackets on the RHS:

1 7 1 v@-"H 1 v vory 1 7
_?(l_ﬂf Czrg(l—ﬂf__F(1—E)3(1_?>__F(1_:
cr cr cr cr
We then have:
Fo a4 |1 F 1 v 1 (57 1 7(@-7) 1 9(@-D)
I A B B T R (e B O
1 (@)
C2T3(1_ﬁc__rf)3

This simplifies down to:

F=

4neor2(1_ﬁ-f)2 r o c
cr

This compares this to my derivation:

a1 1 |5 en (-9 @ (-9
( )+ cr (1_H) c? (1_ﬂ

s a 1 (-0 @D (-0 @» (-0
B I | N (D B (R

We see that we have the same result.
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